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^ I Abstract 

Q . We review the basic setup of Kaluza-Klein theory, namely a 5-dimensional vac- 

uum with a cychc isometry, which corresponds to Einstein-MaxweU-dilaton theory 
5h ' in spacetime. We first recall the behaviour of Killing horizons and its generators un- 

L^j' der bundle lift and projection. We then show that the property of compact surfaces 

of being (stably) marginally trapped is preserved under lift and projection provided 
^ I the appropriate ("Pauli-") conformal scaling is used for the spacetime metric. We 

CNj ■ also discuss and compare recently proven area inequalities for stable axially sym- 

, metric 2-dimensional and 3-dimensional marginally outer trapped surfaces. 

cn : 

O ■ 1 Introduction 

cn ; 

■ The basic setup of Kaluza-Klein (KK) theory consists of a 4+n dimensional manifold with 
. n Killing vectors, which can be regarded as a principal fibre bundle over a 4d base (see e.g. 
^ ! [1112]). In 5 dimensions in particular, stationary black holes have been studied extensively 
and revealed much richer structures than in 4d (cf e.g. [3]-[8]). There is, however, a 
more subtle motivation for studying black holes in (4+n) dimensions: Suitable adaptions 
of Hawking's rigidity theorem assert the existence of n+1 spacelike isometrics on generic 
(non-static) stationary event horizons [9] , and under suitable technical assumptions, such 
Killing fields can be extended off the horizon. From this point of view, the higher dimen- 
sional black hole is the "fundamental" object which by itself is capable of "generating 4d 
spacetime" with matter fields, via n isometrics which serve as KK-fibres [6] . In addition, 
the horizon "generates" axial symmetry as usual. 

In more realistic KK theories the n fibre-isometries are replaced by homothetic con- 
formal isometrics or still more generally, by periodicity conditions on all fields involved 
(cf e.g. [T]). This raises the question whether such structures could arise "automatically" 
as well, namely from a non- stationary but suitably structured horizon, as a consequence 
of a hypothetical generalized rigidity theorem. While a concrete implementation of this 
speculation would lead beyond the scope of the present work, the basic idea does give a 
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motivation for studying general gravitational collapse in higher dimensions, as initiated 
below. 

The key concepts in the study of gravitational collapse are (outer) trapped surfaces and 
marginally outer trapped surfaces (MOTS). The latter are defined as compact codimen- 
sion 2-surfaces on which the orthogonally outgoing family of null geodesies has vanishing 
expansion (cf e.g. [H]). In applications, "stable" and "strictly stable" MOTS play a 
distinguished role and have been studied extensively [II]-[2T]. Here stability is a mild re- 
striction which roughly speaking requires the existence of a codimension 1-neighbourhood 
in a selected normal direction, which can be foliated by trapped surfaces inside and un- 
trapped surfaces outside. On the other hand, it has been shown that the (global) bound- 
ary of the trapped region in a hypersurface is formed by a smooth, strictly stable MOTS 
[m [151 [TB] . Originally, the stability condition came up in connection with the topology 
theorems for MOTS [T71 UHl [ISj . More recently, however, the crucial role of stability in the 
time evolution of MOTS in a foliated spacetime was clarified, as stability implies smooth 
evolution while instability signals "jumps" [20]. Moreover, stability is significant for the 
singularity theorems, as the original requirement of the existence of a trapped surface 
(both null expansions converging) can in essence be replaced by requirement of existence 
of a stable MOTS [2T] . All these results apply in principle in higher dimensions, (at least 
till 7), and motivate our interest in the stability condition in particular. 

A further motivation comes from the area inequalities for stable MOTS [221 123] . Such 
inequalities have been found in particular for axially symmetric, stable 2d MOTS in 4d 
Einstein-Maxwell by Gabach-Clement, Jaramillo and Reiris [211 125] and in 4d Einstein- 
Maxwell dilaton (EMD) theory by Yazadjiev [22] • Other inequalities have been obtained 
for stable 3d MOTS with various topologies and corresponding symmetries in 5d spactimes 
by Hollands [2Z]- Since a 5d vacuum with a KK symmetry is equivalent to EMD theory 
in 4d, the results of these papers can be compared provided the concepts of stable 2d 
MOTS and 3d MOTS can be matched. This is the main goal of the present paper. 

As we want to illustrate the basic concepts rather than investigating a physically 
realistic theory, we restrict ourselves to 5d vacuum spacetimes and their dimensional 
reduction along an isometry. We first (in Sect. 2) review Geroch's projection formalism 
[28] and continue in Sect. 3.1 with recalling the well-known behaviour of Killing horizons 
under such a reduction [HI E]- In Sect. 3.2 we show that 3d MOTS do project down to 2d 
ones provided an appropriate conformal scaling (which may be ascribed to Pauli [TD]) is 
used for the spacetime metric. The scaling is irrelevant only in a degenerate case in which 
the norm of the KK Killing field is constant along the outgoing null direction. Fortunately, 
the Pauli-scaling is the same which is compulsory for matching the variational formulations 
in different dimensions anyway [11129]. Next (in Sect. 3.3) we relate the stability definitions 
for 3d and 2d MOTS, which is straightforward in principle but involves some subtleties. 
This allows us (in Sect. 4) to discuss the area inequalities as well. Here we restrict 
ourselves to relate the limiting cases of the inequalities found by Hollands and Yazadjiev 
mentioned above. 
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2 Kaluza-Klein a la Geroch 



We consider a 5- dimensional Ricci-flat manifold {^J^,^gAB) of signature (- + + + +), 
where capital latin indices run from to 4. We assume that there is a spacelike isometry 
C without fixed points and a corresponding Killing field c"^ on A^, i.e. the Lie derivative 
satisfies Cc ^Qab = 0. The squared norm of is denoted by V"^ = c^ca > 0. We assume 
that the set of orbits of C is a smooth manifold Ai. Quantities on ^Ai are distinguished 
from the ones on Ai either by the superscript ^, or by capitial indices, or both. A set 
S C is called invariant if C{S) = £. 

We now recall Geroch's projection formalism |28]; the terms "lift" and "projection" 
associated with the isometry introduced below are inspired by KK fibre-bundle language 
[2]; (for sets our terminology is not standard). 

The lift of a set I? : 

: M. ^ ^M. assigns to a subset V <Z M. the set of points £ C on the orbits 
through v. 

The projection of an invariant set 8: 

Qi . 5^ _5. assigns to an invariant subset £ C ^Ai the set of orbits S/C. 

These maps induce maps between invariant tensor fields w^ ' *^ ^ on ^Ai, defined by 

C,w^-\..z = w^-\,,^CA = ... w^-'%,,,,c' = (1) 

and tensor fields on Ai. The following maps are of course nothing but "pullbacks" and 
"push- forwards" . 




Lift C} of a function / : — > M; / G J-'{Ai) (the module of functions) to an invari- 
ant function F -.^M ^R;F E T{^M): 
Cl : J^{M) J^i^M) is defined as F = CJif) = f o 

Projection of an invariant function F E J-'{^Ai): 

Ci : T{^M) T{M) is defined as / = Ci{F) = F o 
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We will also use this notation for null expansions (cf Sect. 3.2.) which depend on the 
geometry of submanifolds and are thus not proper functions on Ai and ^Ai. The maps 
introduced above can now be extended straightforwardly to vector and tensor fields by 
considering gradients of functions etc.; for details cf [28] : 

Lift Cl of a vector field w'^ G T{M) to an invariant vector field G r(^A^): 

Cl : T{M) T{^M) denoted by Cl{w') = z^ 

Projection of an invariant vector field z^: 

Ci : T{^M) ^T{M) denoted by Ci{z^) = w' 

From the construction it is clear that and are not isomorphisms, while Cl and 
Cj are [25], which is indicated by the asterisks. In Lemma 1 below, the action of these 
mappings on vector fields will be displayed explicitly in the coordinate system (jSj) adapted 
to the isometry. 

The projection maps introduced above should not be confused with a particular tensor 
field called "the projector" defined by 

= S^'c - V-'c^cc. (2) 

which can in fact be applied to any tensor field in (8>T(^A^). In particular, applied to 
^dAB it gives a metric 

gcD = P^cPl '9AB. (3) 
The covariant derivative w.r.t. ^Qab is denoted by ^V. For an invariant vector field 
another covariant derivative V a can be defined by [28] 

VcWD = PcPl 'VaWb. (4) 

This derivative Va is metric with respect to ([3]), torsion free and VcWd is still invariant 
in the sense of (Q. Hence it is identical with the covariant derivative on Ai with respect 
to gcD- 

Below we will almost exclusively use the conformally rescaled metric qab = Vqab 
on A^; in fact this extraction of V will be crucial. The covariant derivative w.r.t qab is 
denoted by Va- 

A parametrisation of ^Qab which will be useful in what follows is 

ds"^ = ^gABdx^dx^ = {dx^ + 2Aidx'f + V'^gtjdx'dx^ (5) 

where latin indices run from to 3 and V , Ai and gij depend on only. Such coordinates 
exist and will be used below on neighbourhoods M of compact 2-surfaces S <Z M. and on 
the corresponding lift ^A^ D ^S. The coordinate x^ is periodic with period Z. 

Instead oiV a, more common terminology is either V = e^"^/^ [S] or = e"^"^/^ [3], 
while our definition of Ai follows practice in relativity [U |5l [6] but differs from practice 
in gauge theory at least by a factor of 2 [2]. 
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The Lagrangian density on (^J^,^gAB) can be decomposed as 

(6) 



where v = Cl{V) and Fij = 2V[jv4j]. This Lagrangian determines EMD theory on [Ai,gij). 
The metric variable in ([5]), which is the dynamic variable in (|6]) can be gauge trans- 
formed via y4'j = Ai + ViA for some function A. 

We now give the action of C} explicitly in the coordinates (jS]). 

Lemma 1. Let be a vector field on {A4,gij). On (^Ai,gAB) and in adapted co- 
ordinates ([5]), we define = {w\0) and a = 2wMi. Then the lift Cj^(w*) is given in 
these coordinates by 

Cliw^) = z^:=w^-Cl{a)c^ (7) 

Proof. It is easy to see that the vector field is invariant, viz. z^ca = and Cc^"^ = 0, 
and it obviously projects down to w\ i.e. C'^{z'^) = w\ The assertion now follows since 
C} is an isomorphism. 

Remark. The preceding presentation has a counterpart in the fibre bundle formula- 
tion of gauge theory [2]. In the general setting, the fibres are not necessarily isometrics. 
This entails, in particular, that there is a priori no natural "lift" of a vector field, but 
any connection on the bundle specifies a "horizontal lift". In the present case a natural 
conncection is provided by Killing transport, and our lift is indeed "horizontal" in this 
sense. What we have done in ([7]) now reads, in gauge theoretic language, to decompose 
the horizontal lift of a vector field in terms of a "direct product basis" ([5]). Applied to 
the basis vectors themselves, this corresponds to the introduction of a "gauge covariant 
derivative" ( cf Sect. 5 of [2]). 



3 Horizons 

3.1 Killing horizons 

Let be a Killing field on Ai and G Ai a Killing horizon. This means that H is a 
3d null surface with "generator" /* which is null on T-L and satisfies l^ViP = kP there, 
where k is the surface gravity which is constant on the horizon (for this and the following 
statements, cf Carter [30j). As is only fixed up to a constant, the same is true for k, but 
conditions at spatial infinity can remove this freedom. In the presence of a Maxwell (and 
possibly dilaton) field, so in particular for the EMD Lagrangian (jS]), v and if = 2AiP are 
constant on the horizon as well. The latter constant is again arbitrary, as there is still 
the rescaling freedom in P and in addition the gauge freedom A'^ = Ai + VjA. However, 
as above asymptotic conditions (namely falloff for Ai) can fix ip uniquely. 
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We now recall (and reformulate) the following result (cf Sect. 4 of [S]): 

Theorem 1. In an Einstein-Maxwell-dilaton spacetime {Ai,gij) let be a Killing 
horizon with generator and surface gravity k, i.e. WiV = nV on %. Then the lift 
^T-i = C^('H) is a Killing horizon in the 5d vacuum spacetime {^Ai, ^Qab) with generator 
C^(r) = = — $0"^ where = 2y4j/* and $ = Cli^^)- Moreover, the surface gravity k 
is as before, i.e. = ICh^ on ^V. with /C = CKk) 

Proof. We first note that is null on ^"H, which is obvious either from 

Ci [h^hA) = Ci [h^) Ci {hj,) = 1% = (8) 
as all objects are invariant, or in coordinates via 

d [h^hA) =v^^- 2AirY + v-^Qi/P = 0. (9) 
The non-trivial statements of the theorem now follow from 

^VaHb = -\ '^Bih^'hA) = -^Cl {V,{v-HH,)) = Cl {v-'PV,h) = JCCl {v~%) = JChj, 

(10) 

on ^Ti = C^iT-L), where we have used adapted coordinates ([5]) and Eqn. ([9]). 

Remark. The notation above, in particular regarding the constants $ = Cl{ip) and 
K. = CI{k) may appear pedantic. It is adopted to be consistent with calculations below 
where analogous functions on are used which are either no longer constant, or (in 
Theorem 3) not even invariant. There, care with notation pays off to recognize subtleties. 

3.2 The expansion 

We now consider a spacelike 2-surface iS C A^, and null vectors and k\ not necessarily 
Killing but orthogonal to S and scaled such that ki = —2. These vectors can be 
extended off S by considering the null geodesies with these tangents. This allows to 
define the expansion of /* (or of the corresponding null geodesies) on S via 

e={g^^+l('k^))Vilj. (11) 

A standard result (cf e.g. Theorem 3.6.1 of [31]) reads that 6 is in fact independent of the 
way how has been extended. For EMD theory we define ip = ^A^k^ and we recall 
that if = 2AiP. These quantities will in general not be constant on S. We now lift S to 
a 3-surface = C^^S), define $ = Cl{ip) and \l/ = CKip), and hft /* and /c* to invariant 
null vectors Cl{r) = = - and Cj'(/c*) = = A;^ - on ^M. It follows that 
QABh^i^ = —2V~^, and in analogy with f|TT]) we define the expansion of h"^: 

50 = (/^ + Vh^^f^) "'VaHb. (12) 
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Alternatively, we could of course start from a 3d surface in C ^Ai which is invariant 
under an isometry. It projects to a 2d surface S G Ai, and the null normals and expansions 
are related as above. 

We now have the following result 

Theorem 2. Let S C M and C be spacelike 2-surfaces such that S = C-^{^S) = 
^S/C where C is an isometry. Let /* and = C!j(/*) be the respective null normals related 
by the Geroch-isomorphism. Then the corresponding null expansions defined by ( ITTl) and 
f|T2l) coincide in the sense that {^Q{h)) = 6(0- 

Proof. For ease of notation, we suppress the Cj^— notation in the subsequent calculation. 
However, we have to take care to avoid ill-defined expressions such as Cj;: [g"^^ + Vh^^j^^^ 
and Cj; (^Vyi/is), which is accomplished by appropriate algebraic decomposition of ^V^/ib. 
Next, to obtain ( |T6l) we have used (jll) while the final step which leads to ( |T9l) uses the 
behaviour of the 4d covariant derivative under conformal rescalings of the metric. 



^e{h) = [g^^ + Vh^'^f'^)''VAhB= (13) 

= (/^ + Vh^^f^) {P^^ + y-^c^c^) (P^ + V-^Bc'') 'Vcho = (14) 

= [g^^ + Vh^^f^) P^P^ ^Vc/^D + V-W^ 'VAhB = (15) 

= {g'^ + vl^'k^^) ViiV-Hj) - v-^c^h'' ''WaCb = (16) 

= V [g'^ + f'y^) S/^{v~HJ) + v-^c^h'' ''VbCa = (17) 

= {g'^ + l'^'y^)Vilj + v-HW^v = (18) 

= {g'^ + f'y^) Vdj - v-H'ViV + v'H'ViV = Q{1) (19) 



Remark. The correct conformal scaling as in ([5]) is crucial both for the Kaluza-Klein 
decomposition ([6]) as well as for the previous result. Only in the special case where P 
leaves v invariant, i.e. Z^Vjf = 0, the conformal scaling is irrelevant. 
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3.3 MOTS 



A MOTS 5 C is a compact, embedded 2-surface with vanishing null expansion, i.e. 
0(/) = 0. Analogously, A MOTS C ^Ai is a compact embedded 3-surface with 
^e{h) = 0. 

Theorem 2 shows that a MOTS S can be lifted naturally, while an invariant MOTS 
can be projected. In view of the significance of the property of stability as outlined in 
the introduction, we wish to show that it is preserved upon projections and lifts as well. 
In [T2l [13] two definitions for (strict) stability of MOTS were given. We recall below, for 
2d MOTS S G Ai, the definition which was called " (strictly) stably outermost" in P^[T3] 
and discuss its extension to 3d MOTS C ^Ai. The alternative definition required non- 
negativity (positivity) of the principal eigenvalue of a linear elliptic "stability operator". 
These definitions are equivalent, and this equivalence will play a role in Theorem 3 below. 

Stability in 4d: A MOTS 5 C is called stable w.r.t. a normal direction iff there 
exists a variation with ip ^ such that 5^™,© > 0. The MOTS is strictly stable 
iff it is stable with 6^rn^ ^ 0. 

Stability in 5d: A MOTS C is called stable w.r.t. a normal direction ra^ iff 
there exists a variation with ^ such that 5*„^0 > 0. The MOTS is strictly 
stable iff it is stable with 6^n^Q ^ 0. 

In principle any normal directions m* or n"^ can be chosen here. For m* = /* or 
n"^ = h'^ (the null vectors defining the MOTS) the variations considered above reduce to 
the Raychaudhuri equation and the stability conditions become highly restrictive. The 
least restrictive choices are m* = fc* or n"^ = (the null directions not defining the 
MOTS). 

We now relate stabilty for 2d and 3d MOTS. A priori a MOTS C ^M. need not 
be invariant, nor need the direction of stability be invariant under the isometry. On the 
other hand, there is a relation between stability and the action of an isometry: If the 
MOTS is stable in a normal direction n"^, then any Killing field d"^ is either tangent to 
the MOTS, or its normal component dj_ necessarily lies in the conical segement between 
the null generator h"^ of the MOTS and n"^ (cf. Theorem 8.1. of [13] and the subsequent 
discussion). However, to keep the theorem below simple, we assume in its second part 
invariance of both the MOTS itself as well as of the stability direction. 

Theorem 3. 

1. Let 5 C be a MOTS which is (strictly) stable w.r.t. a normal direction m*. 
Then the lifted MOTS C^{S) C ^M. is (strictly) stable w.r.t. the normal direction 
= Cj'(m*). 
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2. Let C ^Ai be an invariant MOTS which is (strictly) stable w.r.t. the invariant 
normal direction n"^. Then the projected MOTS S = C^{^S) C is (strictly) 
stable w.r.t. the normal direction m* = Cj{n^). 

Proof. 

1. This part is trivial: Let ip be the function in the definition of stability of iS C such 
that 5^m0 > 0. Then the lifts \I' = Cjip and = C^(m*) satisfy the requirements 
for stability on C ^Ai, in particular 5^„^6 > 0. 

2. In spite of the invariance assumptions there is still a subtlety here: The function \1/ 
which defines the variation 5<i,„^0 > in the definition of stability of need not 
be invariant under C, in which case it does not project to 5 C A^. Here we need the 
elliptic machinery developed in [121 US]- We rewrite the variation 6^n^Q in terms 
of a linear elliptic operator acting on \1/ such that (J^in^G = ^Ln^- Any linear 
elliptic operator has a real, positive "principal" eigenfunction $ corresponding to the 
"principal" eigenvalue A (the eigenvalue with lowest real part), viz. = A$. For 

introduced above, the definitions of stability and strict stability are equivalent 
to A > and A > 0, respectively. This means in particular that for a stable 
MOTS, the principal eigenfunction $ defines a prefered class of variations such that 
5*n^0 = ^Ln^ = A$ > 0. (or > in the strictly stable case). But by virtue of 
the invariance of the stability direction n^, the stability operator commutes with 
the isometry, viz. £c-^n = LnCc- Now Theorem 8.2. of [13] implies that the 
principal eigenfunction is invariant under the isometry, i.e. = 0. Hence $ can 
be projected to Ai and = $ defines the variations on S which imply stability, 
in particular S^pnO > 0. 



4 Area inequalities 

Area inequalities bound the area A of stable MOTS in terms of quantities defined on the 
MOTS, such as an electric charge Q, a magnetic charge P and, in the axially symmetric 
case, the angular momentum J ([221 123] )• Here we briefiy recall and compare the area 
inequalities for Einstein-Maxwell, Einstein-Maxwell-dilaton and 5d vacuum. 

For axially symmetric, stable 2d MOTS in Einstein-Maxwell theory, Gabach-Clement 
et al. [211 [25] proved that 

A > 47rv/4J2 + (g2 + p2)2 ^20) 

where equality holds iff the near horizon geometry is an extreme Kerr-Newman one. 

In EMD theory, for couplings which include Einstein-Maxwell (i.e. no dilaton) and 
the Lagrangian ([6|), Yazadjiev [26j has shown that for stable 2d MOTS 

A > SvrVlJ^ -g2p2| (21) 
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Moreover, equality holds iff the coupling is the KK one (jS]) and the near horizon geometry 
is extreme and stationary. 

On the other hand, in a 5-dimensional vacuum spacetime with isometry group U{1) x 
U{1) Hollands |27| has obtained an area inequality of stable 3d MOTS in the form 

> Svrv/pJi (22) 

where ^Ji and are angular momenta associated with the isometrics. Again equality 
holds precisely for the stationary, extreme (near-) horizon geometries which have been 
studied in detail [331 El] • 

We now compare these inequalities. Regarding the relation between f l20|) and fl2T|) the 
situation is clear: As already noticed in [26], the former is the stronger inequality but it 
only applies in the Einstein-Maxwell case. On the other hand, (12 ip and fl22]) should have 
a common range of applicability: A 5d vacuum with a spacelike isometry is equivalent to 
EMD theory in 4d, and the isometry preserves stable MOTS in the sense of Theorems 2 
and 3. 

Rather than proving equivalence of the inequalities (12T!) and (!22|) we restrict ourselves 
here to examining the respective limiting cases. As mentioned above, fl22l) is saturated iff 
the "near-horizon-geometry" is extreme and stationary, and such geometries have been 
investigated thoroughly [33l [M] . It has been shown that the possible horizon topologies 
take one of the forms S^, x T, T^, or the lens spaces L{p, q), and can be excluded 
under mild extra assumptions [35]. On the other hand, fl2T|) is only valid for MOTS of 
spherical topology. Thus a prerequisite for matching fl2Tl) with fl22l) is that the MOTS is 
a bundle over 5*^. This restricts the possible candidates to 5*^, 5*^ x T and S'^/Zp = L{p,l) 
but excludes the Lens spaces L{p, q) ioi q > 2. However, as the latter are covered by 
(122|) , this inequality is a priori more general than (I2T]) . 

In the cases of S"^ bundles, all extreme stationary horizon geometries arise from the ex- 
plicitly known 4-parameter family of stationary KK black holes [TJ [8] , either by restricting 
parameters or by performing appropriate limits (cf Appendix Al of [22] )• For dimensional 
reduction, there arises in each case an isometry without fixed points as natural candidate 
for a fibre. The corresponding bundle can be classified by the degree p of the fibration, 
which for the known extreme solutions is related to the constant length Z of the fibres 
and the magnetic monopole via SttP = pZ. In the case of 5*^ x T topology the bundle 
is trivial which means P = 0. The resulting geometries include the boosted extremal 
Kerr and the black ring ones, and the identification of fl2T]) and fl22]) is accomplished via 

= J2 = ZJ and = ZA. 

In the case of the geometry of the MOTS can be identified either as extreme Myers- 
Perry or as extremal rotating Kaluza-Klein solution. In these cases, the canonical Killing 
vectors of Thm. 1 of [27] cannot be used for reduction as they have zeros. Rather, one 
has to take appropriate linear combinations, and the corresponding ("Komar"-) momenta 
lead to the identification of with via Ji = Z{J - PQ) and J2 = Z{J + PQ) (for 
details cf Appendix A. 2. of [32]). 
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We finally remark that, from Theorem 1, the property of extremality (k = 0) of a 
stationary Killing horizon is preserved upon lift and projection, irrespective of any addi- 
tional symmetries. This behaviour is of course reflected in the axially symmetric cases 
discussed above. 

Acknowledgements. We are grateful to Piotr Bizoh, Piotr Chrusciel, Marc Mars 
and Helmuth Urbantke for helpful discussions. 
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